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NMR, quantum mechanics and textbooks

𝝏

𝝏 
│𝜳  > = −

𝟐𝝅 ⅈ

𝒉
𝑯  │𝜳  >

■ Schrödinger equation

■ Liouville – von Neumann equation

𝒅

𝒅 
𝝆  = −

𝟐𝝅 ⅈ

𝒉
[𝑯  , 𝝆  ]

state vector

density operator

U(t’,t): the evolution operator

𝝆  ′ = 𝐔 𝐭′, 𝐭 𝛒 𝐭 𝐔
∗

𝐭′, 𝐭

𝐔 𝐭′, 𝐭 = 𝐞𝐱𝐩[
𝟐𝝅 ⅈ

𝒉
𝑯  ′ −  ]

if H is time independent…



The evolution operator U(t)

𝐔 𝐭′, 𝐭 = 𝐎𝐄 −𝐢 𝐇 𝐭′, 𝐭 = 𝑻 𝐞𝐱𝐩 −𝐢න
 

 ′

𝐇 𝝉 𝐝𝝉 

Dyson time-ordering operator

𝐔 𝝉𝒄 = 𝒆𝒙𝒑 −ⅈ𝝉𝑪 

𝒏=𝟎

∞

𝑯 𝒏 

Magnus

Floquet
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► general mathematical problem of coupled LDE with non-constant coefficients a(t’),

b(t’)…

Magnus (1954)

Floquet (1883) (if A periodic)
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Dyson time-ordering operator (1952)

A(t’) = 
𝑎 𝑡′ 𝑏 𝑡′ …

𝑐 𝑡′ … …
… … …

N

N (finite)

bounded (over [ t , t’ ])

perturbative treatment

convergence (?)

ordered exponential (OE)

The evolution operator U(t)



Back in December 2002 and … July 2017
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Outline

■ Basics of Path-Sum (Giscard)

■ Bloch-Siegert effect and spin diffusion in solids

■ Bloch equations in MRI

■ the MAGICA project (2021 → )
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The Path-Sum approach (P.-L. Giscard, 2015)

11

dynamical weighted graph ( G )

► Descending Ladder Principle (DLP)

U(t’,t) as the ordered exponential of H(t)

each entry is given analytically

infinite series of walks transformed into a single,

finite, branched continued fraction

Neumann



An example: 2 × 2 matrix

[ ∗ − ∗ ∗ ∗ ⋯ ]∗− = 

𝒏≥𝟎

∗ ∗ ∗ ⋯ ∗𝒏 Neumann series (analytical)                                                         

linear Volterra (2nd kind) (numerical)                                                         

𝒇 ∗ 𝒈 = න
 

 ′

𝒇  ′, 𝝉 𝒈 𝝉,  𝒅𝝉

OE[A](t’,t) = 
 
 ′
𝑮𝑲𝟐,   ′, 𝝉 𝒅𝝉 𝑶𝑬 𝟐  

′,   

𝑶𝑬𝟐   
′,    

 ′
𝑮𝑲𝟐,𝟐𝟐  ′, 𝝉 𝒅𝝉

► END of the continued fraction !

► finite sum on C

► END !

► finite sum on simple P
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 ⅈ𝒋   

► END of the continued fraction !

► finite sum on C

► END !

► finite sum on simple P

► END of the continued fraction !

► finite sum on C

► END !

► finite sum on simple P

K2

sum on simple 

cycles

sum on simple 

paths
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Circularly polarized excitation (test model)

H 𝑡 =
1

2
𝜔0𝛔𝐳 +

𝛽[𝛔𝐱 cos 𝜔𝑡 + 𝛔𝐲 sin 𝜔𝑡 ]

H(t) = 

   ,  𝑡 =

  [− H] 𝑡   =

Path-Sum

Neumann series

∗ −𝐢  𝐞  𝐞

OE entry

  [− H] 𝑡 

Gauss hypergeometric

U 𝑡 = exp −
1

2
 𝜔𝑡𝛔𝐳 exp − 𝑡

1

2
𝜔0 − 𝜔 𝛔𝐳 + 𝛽𝛔𝐱  
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[ ∗ − ∗ ∗ ∗ ⋯ ]∗− 



Linearly polarized excitation, Bloch-Siegert (BS) effect

H 𝑡 =
1

2
𝜔0𝛔𝐳 +

2𝛽 𝛔𝐱 cos 𝜔𝑡
H(t) = 

𝜔0

2
2𝛽cos 𝜔𝑡 

2𝛽cos 𝜔𝑡 −
𝜔0

2

𝝎 = 𝝎𝟎 𝐨 𝛚 ≠ 𝝎𝟎P(t) transition probability

Τ𝜷 𝝎 = Τ  𝟎 Τ𝜷 𝝎 = Τ 𝟐 Τ𝜷 𝝎 =  𝟎

► analytical expression with few orders of the Neumann series
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Linearly polarized excitation, Bloch-Siegert (BS) effect

16



Linearly polarized excitation, Bloch-Siegert (BS) effect
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Τ𝜷 𝝎

= 𝟎. 𝟓

Τ↔ 𝜷 𝝎 =  𝟓



Linearly polarized excitation, Bloch-Siegert (BS) effect

18Phys. Rev. Res. 2020



Linearly polarized excitation, Bloch-Siegert (BS) effect

19Phys. Rev. Res. 2020



Accelarated Neumann series

20
P.L. Giscard, J. Integral Equations  Appl. 2020

P.L. Giscard, C. Bonhomme, Phys. Rev. Res. 2020

in the case of ultra-strong regime, i.e. Τ𝜷 𝝎𝟎 ≫  , 𝐭𝐡𝐞 : K1(t) >> K2(t) 

[U(acc,0) (t’,t)] ’

related to individual Ki

the first term of the 

accelarated analytical

Neumann series is

sufficient

 = 𝟒, 𝟐𝟎,  𝟎𝟎 0

Coherent Destruction of 

Tunneling (CDT)



Linearly polarized excitation, Bloch-Siegert (BS) effect

21

accelarated Neumann series → b /  0 >> 1

(Giscard, 2020)
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Spin diffusion: N spin systems, homonuclear dipolar Hamiltonian, 𝑯𝑫

t = 0

H1

H2
H3

H4

↑

↑ ↑
↑

pure state
…H42↑

(CH3)12(OH)6Sn12

42 protons

« rigid » CH3

MAS 10 kHz

rotor period 0.1 ms

Coll.: F. Ribot, France

analytical expression

Phys. Rev. Res. 2020
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t = 0

H1

H2
H3

H4

↑

↑ ↑
↑

pure state
…H42↑

Spin diffusion: N spin systems, homonuclear dipolar Hamiltonian, 𝑯𝑫

(CH3)12(OH)6Sn12

42 protons

« rigid » CH3

MAS 10 kHz

rotor period 0.1 ms

analytical expression

Coll.: F. Ribot, France

Phys. Rev. Res. 2020
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Spin diffusion: N spin systems, homonuclear dipolar Hamiltonian, 𝑯𝑫



Scale invariance of Path-Sum
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► Path-Sum is used herein conjunction with all state-space reduction techniques

(CH3)12(OH)6Sn12

42 protons

MAS 10 kHz

pure state

PARTITIONS

(A)

(C)

(B)

Gt

Phys. Rev. Res. 2020



Comments on the Path-Sum solution

26

the Path-Sum solution is:

► exact as it captures the entire physics and

mathematics of the problem as opposed to

methods that are approximate, perturbative etc

► non perturbative, super exponentially CV

► always closed form in

► Neumann series: analytic, closed form at fixed accuracy

► Numerically at all orders: >> Zassenhaus
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Bloch equations in the Path-Sum context
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𝑑

𝑑𝑡
𝑀 𝑡 =

−
1

𝑇2
−𝜔 𝑢 𝑡

𝜔 −
1

𝑇2
−𝑣 𝑡

−𝑢 𝑡 𝑣 𝑡 −
1

𝑇 

𝑀 𝑡 +

0
0

1

𝑇 
𝑀0

RF fields, offset
relaxation

relaxation → self-loops

RF fields, offset → directed edges
U = OE [Φ] ? (very few solved examples)

with: C1 ≠ C2 ≠ C3, Φ13(t) ≠ - Φ31(t)…

𝐆 =
𝐝𝐔

𝐝𝐭

*-inverse: Neumann series (analytical), Volterra (numerical)

*-product: integration ! 

entries: a FINITE number of operations 

Path-Sum

−
 

𝑻 

−
 

𝑻𝟐

−
 

𝑻𝟐

−𝝎
𝝎 𝒖   

−𝒖   

−𝒗   

𝒗   

Φ 𝑡 =

𝐶 Φ 2 𝑡 Φ 3 𝑡 
Φ2  𝑡 𝐶2 Φ23 𝑡 
Φ3  𝑡 Φ32 𝑡 𝐶3

   =  1∗ − 𝐶 −  Φ 2 + Φ 3  Φ32)   22   Φ2 −  Φ 3 + Φ 2  Φ23)   33   Φ3  
∗− 

 22 =  1∗ − 𝐶2 −  Φ2 + Φ23  Φ3 )      2  Φ 2 −  Φ23 + Φ2  Φ 3)   33 2  Φ32 
∗− 

 33 =  1∗ − 𝐶3 −  Φ32 + Φ3  Φ 2)   22 3  Φ23 −  Φ3 + Φ32  Φ2 )      3  Φ 3 
∗− 

kernel: K 



A study case: RF artefacts in MRI
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𝑑

𝑑𝑡
𝑀 𝑡 =

−
1

𝑇2
−𝜔 −𝑣 𝑡

𝜔 −
1

𝑇2
−𝑢 𝑡

𝑣 𝑡 𝑢 𝑡 −
1

𝑇 

𝑀 𝑡 +

0
0

1

𝑇 
𝑀0

𝒖ⅈ, 𝒗ⅈ: 𝐑𝐅 𝐩𝐞 𝐭𝐮 𝐛𝐚𝐭𝐢𝐨  

NB: if 𝒖ⅈ, 𝒗ⅈ = 0, u(t)= B1, v(t) = 0 

Φ becomes independent of t … 

see: Balac, Chupin, Mag. Res. Imaging, 2008



A study case: RF artefacts in MRI

see: Balac, Chupin, Mag. Res. Imaging, 2008

scalability of Path-Sum

1

● exact expression of

10

30

walks avoiding

1

resonance at 𝟐𝝎𝒓

2

           𝒖ⅈ, 𝒗ⅈ: 𝐑𝐅 𝐩𝐞 𝐭𝐮 𝐛𝐚𝐭𝐢𝐨  

0



A study case: RF artefacts in MRI
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see: Balac, Chupin, Mag. Res. Imaging, 2008

2

1

● exact expression of   ∗ − 𝑲   
∗− = σ𝒏=𝟎

∞ 𝑲  
∗𝒏

● analytical, unconditionally convergent 

Neumann series

● here: exact forms of the solutions

U
3

3
(t

)

t (ms)

U
3

3
(t

)

t (ms)

           𝑻 =  𝟓𝟎  ,𝑻 = 𝟓𝟎   

           𝒇ⅈ𝒙𝒆𝒅   , 𝒖ⅈ, 𝒗ⅈ 

𝒗 𝒓ⅈ   𝒆 𝝎 𝝎𝒓Τ

U
3

3
(t

)

t (ms)

U
3

3
(t

)

t (ms)

           𝑻 =  𝟓𝟎  ,𝑻 = 𝟓𝟎   

           𝒇ⅈ𝒙𝒆𝒅   , 𝒖ⅈ, 𝒗ⅈ 

𝒗 𝒓ⅈ   𝒆 𝝎 𝝎𝒓Τ
not a simple “cosine“ evolution

2



Bloch equations: RF artefacts in MRI
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the ∗-inverse 

gives the exact 

solution

𝑼  
 𝒏 

 is

analytical
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Scale invariance: chemical exchange with n, (n+1) pools

3×3 Bloch 

matrix   

2

3

i

n

𝒌 𝟐

1

n+1

𝒌𝟐 

𝒌  𝒏+  

𝒌 𝒏+   

1 2

3

i

n

n+1

𝒌𝟐 

𝒌 𝟐

𝒌 𝒏+   

𝒌  𝒏+  
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Scale invariance: chemical exchange with n pools (PARTITIONS)

3×3 Bloch 

matrix   

2

3

i

n

𝒌 𝟐

1

n+1

𝒌𝟐 

𝒌  𝒏+  

𝒌 𝒏+   

1 2

3

i

n

n+1

𝒌𝟐 

𝒌 𝟐

𝒌 𝒏+   

𝒌  𝒏+  

𝐾𝑖𝑖 ~ + 𝑘𝑖 ∗ [ ]∗− ∗ 𝑘 𝑖

−⋯

1∗ − 𝑘 2 ∗ [1∗− ]∗− ∗ 𝑘2 

−𝑘  𝑛+  ∗ [1∗− ]∗− ∗ 𝑘 𝑛+   

i

2

n+1

► the number of terms in 𝐾𝑖𝑖 is

proportional to n

► the expression of 𝐾𝑖𝑖 is always

valid (time independent or not)

►

is proportional  𝑘  𝑛+  𝑘 𝑛+   to the

integral over time of the propagator of

the self-loop

3×3 Bloch 

matrix   
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MAGICA ANR (2021 → )



MAGICA ANR (2021 → )
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...



MAGICA ANR (2021 → )
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MAGICA ANR (2021 → )
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MAGICA ANR (2021 → )
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Pozza, Giscard (2019, 2020)



MAGICA ANR (2021 → )
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MAGICA: PhD position in Calais + Post-Doctoral position 

available in Calais/Paris 

► NMR, DNP, … at ALL levels

► Machine Learning in NMR

► and … FUN!!
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Path-Sum

Conclusions and acknowledgments
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Back in December 2002 and … July 2017
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« With application to quantum mechanics, path integrals suffer most grievously from a

serious defect. They do not permit a discussion of spin operators or other such operators in

a simple and lucid way » (R.P. Feynman)

► Path-sum performs a formal re-summation of an infinite number of W, i.e. Feynman

diagrams !


