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Laboratoire de Chimie de la Matiere Condensée de Paris, (Paris, France)

LCMCP : https://lcmcp.upmc.fr/site/

Université, CNRS, Collége de France) est un acteur reconnu dans le domaine de
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NMR, quantum mechanics and textbooks

Nl

OBJECT-ORIENTED m Schrodinger equation

MAGNETIC RESONANCE state vector
d 2m i
— |WP({t) >=———"H() |¥(t) >
o7 | P @ —H®O|P©

m Liouville —von Neumann equation

d i density operator

—p(t) = . [H(2), p(t)]

U(t’,t): the evolution operator

p(t) = U, p®U” (¢, 0
g?swoangannectéc
o (o Saion U(t,, t) _ eXp[ % H(tl o t) ]

if His time independent...




The evolution operator U(t)

Dyson time-ordering operator

~

U(t',t) = OE[—i H(t,t)] = T exp(—i f H(t)dr)
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The evolution operator U(t)

» general mathematical problem of coupled LDE with non-constant coefficients a(t’),
b(t’)...

AUt t) = %U(t’,t), U(t,t) = Id,

N (finite)
——————

a(t’) b(t")

A(l"): c(t’) ... | N
bounded (over [t, t’])

<I Dyson time-ordering operator (1952)

Floquet (1883) (if A periodic)

U(t',t) = T exp (/ | A(T)dfi‘) Magnus (1954) 1

ordered exponential (OE) perturbative treatment

convergence (?)



Back in December 2002 and ... July 2017

voudrions-nous développer indépendamment une approche nouvelle de l'opérateur d'évoluti
fondée sur I'approximation de Lie-Trotter-Suzuki : il s'agit tout simplement d'exprimer un opérate
exponentiel comme une limite & l'infini. De plus, il semble que l'approximation de Suzuki condui
naturellement 4 la description du systéme de spins par les chemins de Feynman A not

connaissance, une telle description n'a pas encore été envisagée dans le cadre de la RMN.

An exact formulation of the time-
ordered exponential using path-sums " AeY

Sujet A propos de votre article "An exact formulation...” 16/07/2017 & 19:17

De BONHOMME Christian ¢

Pour pierre-louis.giscard @york.ac.uk ¥, BONHOMME Christian f¢ Cite as: J. Math. Phys. 56, 053503 (2015); https://doi.org/10.1063/1.4920925
Submitted: 29 October 2014 . Accepted: 29 April 2015 . Published Online: 11 May 2015

Bonjour Pierre-Louis,
P.-L. Giscard, K. Lui, """ S. J. Thwaite, and D. Jaksch
mon nom est Christian Bonhomme et je suis Professeur de Chimie & 1'UPMC, Paris.

Mon domaine de recherche est la RMN du solide, un domaine ol 1'expansion de Magnus fait référence.

J'al été tres impressionné par vos articles concernant la théorie des graphes et en particulier votre contribution : "An exact formulation of the time-ordered exponential using
path-sums".

A mon sens, il s'agit d'un travail considérable qui devrait pouvoir étre utilisé directement en RMN.

Au jour d'aujourd'hui, j'essaie de m'initier a la théorie des graphes et a ses applications. J'aimerais étre en particulier autonome pour effectuer des calculs tels que ceux
présentés en exemples dans votre article (calculs des exp ordonnées).

Vous serait-il possible de me guider de fagon & ce que je sois plus efficace ? Seriez-vous d'accord pour engager une discussion ?

Trés amicalement

Christian Bonhomme, Professeur a 1'UPMC
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m Basics of Path-Sum (Giscard)

m Bloch-Siegert effect and spin diffusion in solids

m Bloch equations in MR
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The Path-Sum approach (P.-L. Giscard, 2015)

» Descending Ladder Principle (DLP)

(a) hi1(t)  hia(t)  hya(E) (d) GK3 11! [1.=hyy =hyp * Gy,\(1),22 * hyy —hys * Gk \(1)33 *hyy
H(t) = [ hz1(t)  haa(t)  ha3 (D) A_“—““ L T,
hs1(t)  hsz(t) hss(t) .

dynamical weighted graph (&)

+ d 1 ™,
K VAN Ve 1
’ _.. -..'}-‘.__.' / ’/\ I
. &) ! P
s N g
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U(t’,t) as the ordered exponential of H(t)

(c)

3 vertices

F--‘-------' - "“'n.. - P 1
f IGKg ul(r, f). dr << Ulz ', f'),- Uis(t', 1)
U= U@ [ Gom(ntdr Un(0)
br;l{t’, f) ng{t ,t) J.: GK3,33(TJ'£)dr - K?\U}ZZ(??)
| R ——

each entry is given analytically

1vertex <= 2vertices ¢—=

2 'I K3\{12},33

infinite series of walks transformed into a single,

finite, branched continued fraction




An example: 2 x 2 matrix i

OE[A](t’,f) = !

1 - Sso

sum on simple . i
cycles 1~ Q12 * Gyy\(1},22 * az1]
: 1
X2 e @ Gio\1322 = [1+ — azz]
2. 2. —

~

~
~ ,’
~~', 7
1

DA t,
<< QE1z(t t) —"j Gg,\(2}11 * Q12 * Gy, 55 (t'7)dr
t

» END!

sum on simple
paths

» finite sum on simple 2

é

@

» END of the continued fraction !

» finite sum on €
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m Bloch-Siegert effect and spin diffusion in solids

m Bloch equations in MRI
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Circularly polarized excitation (test model)

@Wo —lwt
— 2
1O =( % ) [H(t), H(O] #

1
H(t) = (,Uoo-z +

S oy cos(a)t) + oy sin(wt)] m
Gy,11(t) = (l ( —AE l))
@ Neumann series

32 /AL 1 [ Aw g A2
0 [_lH](t)ll_ 1+Z ?l‘nll (? ) (2— —l) o F) (—I{,—/f%—n%—l:_—-n.—1:7ﬂ _32)

; ;

e 3t (A+F) (cos(at/2) + ( — £2)sin(at/2)) _ 208 it (A “111(5”/2)
—ﬁe%'ﬁ(&—*—d )Hlll Qf/?) E—zt TO) ((_05 af/Q) (A——)sln O.f/?))
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L’:U

Gauss hypergeometric

2 14

U(t) = exp (— 1 iwtoz) exp(—it (% (wyg — w)o, + ,Box>)



Linearly polarized excitation, Bloch-Siegert (BS) effect

1
H(t) = 7 W00z + H(O % 2 cos(wt)
1) =
28 6, cos(wt) 2Bcos(wt) _ %
P(t) transition probability
a b c
1.0F | | C ] 1of ' | | | N
0.8} 1 0.8} | 0.8+
E_} 0.6} 1 0.6} 0.6
:f_T_O.AI- 1 0.4} 0.4r
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et I Y. 2 | e ] o0l | | - ]
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B/w=1/10 B/w=3/2 B/w =10

» analytical expression with few orders of the Neumann series
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Linearly polarized excitation, Bloch-Siegert (BS) effect

PHYSICAL REVIEW RESEARCH 2, 023081 (2020)

Dynamics of quantum systems driven by time-varying Hamiltonians:
Solution for the Bloch-Siegert Hamiltonian and applications to NMR

Pierre-Louis Giscard ®”
Université du Littoral Ciéte d’Opale, UR 2597, LMPA, Laboratoire de Mathématiques Pures et Appliquées Joseph Liouville,
F-62100 Calais, France

Christian Bonhomme?’
Laboratoire de Chimie de la Matiére Condensée de Paris, Sorbonne Université, UMR CNRS 7574,
4, place Jussieu, 75252, Paris Cedex 05, France

M (Received 17 September 2019; accepted 30 March 2020; published 27 April 2020)
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Linearly polarized excitation, Bloch-Siegert (BS) effect

2o 2fcos(wt)
H(f) = ’ wo
Visualizing the solution 2pcos(wt) 2

{d) (e) U]
1.0 I _
0.8
=06 =06 j - Z06
£ 2 ' :
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wt i
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FIG. 3. Bloch-Siegert dynarfiics: resonant ey = e transition pjobability Py, (¢) as a function of time in the weak- to ultrastrong-coupling
regimes, with (a) 8/w = 0.5, (bl P =0.7. (c) /o =094} f/w=12.(e) B/ow=16, ) B/w=2(g) f/w =35 (h) B/w =235, and
(1) B/ = 15. Shown here are the numerical solution {dashed black line) and the fully analytical formulas for the Neumann expansions of the
exact path-sum solution P”_{ (1) (dotted red line), P'Ir?—LL(I) {dotted blue line), and P':EIL (1) (solid blue line) (see Appendix B). As seen here,
each of these formulas are equally valid throughout the coupling regimes, from weak to ultrastrong. Whenever longer times are desired, higher
orders of the path-sum solution are readily available analytically. Also shown in (a) and (b) are the second-order Floguet theory [11] (solid 17
green line and green points). The Floguet result 1s not shown in subsequent figures, where it 1s wildly inaccurate. Parameters: two-level system

driven by the Bloch-Siegert Hamiltonian of Eq. (8) [11,12] starting in the | 1) state at ¢ = 0.




Linearly polarized excitation, Bloch-Siegert (BS) effect

2o 2fcos(wt)
H(f) = ’ wo
Visualizing the solution 2pcos(wt) 2

(b) (c)
' ' ' ' ' ] 1.0F
) 0.8t
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regimes, w1lh {a)w{} =2w,p/w= . ; w—="1.6,(C) wy = 2w, B/w = 3.5, () wy = 8w, B/w = 0.7, (&) wy = 3w, ,B/co = 1.6,
and (f) wy = 8w, B/w = 3.5. Shown here are the numerical solution (dashed black line) and the fully analytical formula for the Neumann
expansion of the exact path-sum solution at the fourth order P;'i_],J((r) (solid blue line). Parameters: two-level system driven by the Bloch-Siegert

Hamiltonian of Eq. (8) [11,12] starting in the | 1) state at t = 0.

Phys. Rev. Res. 2020 18



Linearly polarized excitation, Bloch-Siegert (BS) effect

Wo
— 2fcos(wt)
SN T H(l) = 25(:025(0)1;) -0
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Phys. Rev. Res. 2020 19



Accelarated Neumann series

in the case of ultra-strong regime, i.e. ,then:
_ 0 cos(wt)
K (1) = —2ip
cos(wt) 0 ® = 4,20,1000,

12 0 ) @, ®

R TN T
2l 1
GO 1) = [Utaeeo) (t1)]” UUWW W\/VU GV VUV

0.0 0.0

:f G (t', 1)Gy(T, t)dT. ©
roy ; JAAAAAAAAAARAAAL
! COSVVVVVVVVVVTVVTVY

Coherent Destruction of 5°¢

Tunneling (CDT) d 0.4

$ .

the first term of the wt

Neumann series Is P.L. Giscard, J. Integral Equations Appl. 2020

P.L. Giscard, C. Bonhomme, Phys. Rev. Res. 2020 20



Linearly polarized excitation, Bloch-Siegert (BS) effect

Wo
— 2fcos(wt)
: Hil) = Zﬁcozs(cut) -0
accelarated Neumann series — 2

(Giscard, 2020)

e r) — cos (% sin(wt)) + em3iont _ | —isin (% sin(wt))
—isin (% sin(wt)) cos (E sin(wt)) + eiont _ |
f’ iwpe™ 7T sin (2‘6 [sin(wT) — sin(wt)]) —%woe%"‘”“’ sin (%[sin(wr) — sin(wt)]) i
0 %woe_%f“"" sin (;‘B[sm(wr) — sm(wf)]) —iwoe%i“’of sin” (%[sin(a)r) — sin(a)f)]) ‘
m“"w T T 1) AL
1h I |
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pARRLL RS | |
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rl\/ i i )
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Spin diffusion: N spin systems, homonuclear dipolar Hamiltonian, Hp

t=0 Coll.: F. Ribot, France K{(GigBIP(®lz)SS1aPp
T H H 42 protons
H, P 4 """ 742 «rigid » CHy
H: Hs l l
2 l MAS 10 kHz
l, rotor period 0.1 ms

analytical expression

Kp(t) | Tiz)|?
0 0.25 075 0.75 1

Phys. Rev. Res. 2020 22




Spin diffusion: N spin systems, homonuclear dipolar Hamiltonian, Hp

t=0 Coll.: F. Ribot, France K{(GigBIP(®lz)SS1aPp
T H H 42 protons
H, P 4 """ 742 «rigid » CHy
H: Hs l l
2 l MAS 10 kHz
l, rotor period 0.1 ms

analytical expression

Kp(t) | Tiz)|?
0 0.25 075 0.75 1
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Spin diffusion: N spin systems, homonuclear dipolar Hamiltonian, Hp

s
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Scale invariance of Path-Sum

» Path-Sum is used herein conjunction with all state-space reduction techniques

(A) t(ms)=0. (B)

(Me\ M . (OH) 69
e Me e 3

(©) =

1 x (|d* +iHon), + Hom),Me; * 't * Hyie, (0n),

+ HeomaMes * X2 * Huesom), + HeomsMes * 23 * Hites (0m),

— i Hiom),Mey * I'2 * HMoyMes * X3 * Hyges (0m),

— 1 H(OH),Mes * 23 * HMegMey * Y2 * HMeg(OH}S) ,

1
Yo = ,
(CH3)12(OH)68n 12 2 Idsk + ?:HMEQ + HI\/Ite\/Ieg * E3 * HMegMeQ
1
Zl\l/lepSr(itooEliz s = Id, + iHMes + HMesMey * 24 % HMe,Mes
1
Yy = 5
pure State YT .+ tHMe, + HMeyMes * X5 * Hies Me,
1
Y5

= ; 3
Ids + tHMey + HMesMeg * I's % HiegMeg,

Phys. Rev. Res. 2020 25



Comments on the Path-Sum solution

3 vertices )

1 vertex <<= 2vertices <=

> as it captures the entire physics and

mathematics of the problem as opposed to
methods that are approximate, perturbative etc

» non perturbative, super exponentially CV

» always closed form in

— haz * Gg\1y22 *Ros * Grp\ay33 *har™™!

Gro1y22 = [Le =haz =has * Gyp\(12)33 *hap 71

Gia\(12)33 = 1&_h e . H
ko\azyss = e~ 0] > analytic, closed form at fixed accuracy

» Numerically at all orders: >> Zassenhaus

26
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m Bloch-Siegert effect and spin diffusion in solids

m Bloch equations in MRI
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Bloch equations in the Path-Sum context 1

d 1 0 w u(t)
EM(t) = ) _T_z —v(t) | M) +| 1 y N\
1 0 1 v(t) 1
—u(t) | v(t) T | — T_z ~_ = T_1
relaxation —v(t)

RF fields, offset

relaxation — self-loops

U = OE [®] ? (very few solved examples)

RF fields, offset — directed edges

Path-Sum Gy Dy,(t) Dq3(t) _
O(t) = <CI>21(t) C, ®y(t)| with: C,#C, #Cy Dpy(t) # — Dyy(t)...

@3,(t) P32(0) Cs
*—product: integration !

Goz = (1. — Gy — (D1 + D3 * DP3q) *x Gyq\(2} * P1z — (P23 + Ppq * Py3) * Gaz\(23 * P32)”

G = (1. = G — (P + Py3 % P3y) * Gog\(1) * Pog — (P13 + Prp * Pp3) * Gazy(1) * P3q)”

Gz = (L. G5 — (P3z + P3q * Py3p) * Goo\(3) * Poz3 — (P31 + P3p % Pyyq) * Gip\3) * Pr3)f

/

entries: a FINITE number of operations /
P kernel: K /

-1

-1

-1

x—inverse: Neumann series (analytical), Volterra (numerical) 28



A study case: RF artefacts in MRI

1
—— —w —v(t)

T, 0
d 1 0
%M(t) = ) _T_z —u(t) |M(t) + <l M0>

1 T
v(@®)  u(t) ~ !

u(t) = v (sin(w,t) By (t) — cos(w,t)B,(t))
v(t) = 7 (cos(w,t) By (1) + sin(w,t) B,(t))

B.(t) = (B1 + u;) cos(w,t) + vy sin(w,t)
By (t) = (=B +vg) sin(w,t) + ug cos(w,t)

-—

u;, v;: RF perturbations

NB: if Uu;v; - 0, U(t): Bl’ V(t) =0

® becomes independent of t ...

see: Balac, Chupin, Mag. Res. Imaging, 2008

29



A study case: RF artefacts in MRI

see: Balac, Chupin, Mag. Res. Imaging, 2008

1 1
— T_2 —w —v(t) 0 — T_2 —w
d 1 0
—M® =] o —= —u@®) [M@®+]| 4 1
dt T, <_ 0) w N
v() u(d) 1 h T,
Ty

: —u(t) wv(t)
u(t) = 7 (sin(w,t) By (t) — cos(w,t) B, (1))
v(t) = v (cos(wyt) By (t) + sin(w,t) B (t))

By (t) = (B1 + uy) cos(wyt) + vy sin(w,t)

-~ sl
B, (t) = (—Bj + v9) sin(wrt) + ug cos(w,t) Gaz = (1, — K33)"
* *
u;, v;: RF perturbations -1 N o M(#—t) —uv(t)
Ry =7+ (0(t) u(th) (Ido{t t)+e )* it
10
e exact expression of K33 = Z cjq;i(t',t)
0

K33 =cp +|cp Cos(Qwrt’)]—F g sin(2w, 1) + 67%2(#7?5) ((?3 sin (w (t" — f)) + €4 cos (w (t" — T))

- essin ((w —2w,) (1" = 1)) + ¢g cos |((w — Qw.,,)It’ —t))
walks avoiding + crsin (—2w,t’ +w (' —t)) + cgsin (2w, t +w (1 — 1))

1 + ¢g cos (2wt — w (' — 1‘)) + c10 cos (2w, t + w (1 - f)) ) S0




A study case: RF artefacts in MRI

e exact expression of (1, — K33)* 1 = ¥ K%

e analytical, unconditionally convergent
Neumann series

e here: exact forms of the solutions

¥

Uss = Co(t) + > Sajew, (1) sin(2kwyt) + Cog, () cos(2kuyt)
k=1

+ Z gwﬂ:?ku)

) sin (w + 2kw, )f) + Clot ok, (f) cos [(w + 2kw, )?‘)

Uss(t)

Uss(t)

see: Balac, Chupin, Mag. Res. Imaging, 2008

T, =750ms,T, = 50ms
fixed B, u;,v;

0.4

0.2

not a simple “cosine* evolution

oo

* variable w/w,

1.00 q W\ /\ i

0.98 A | |

0.96

0.94

i

0.90 = 50 100 150 200 250
t (us)
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Uss(t)

Bloch equations: RF artefacts in MRI

1 O ‘\\ IB1 1T ﬁ S U:(};S){trf
I the x—inverse
0 5: \ gives the exact
T ‘:‘ solution
0.0
analytical |
o BN~ N
0.00 0.02 0.04 0.06 0.08 0.1C
t (us)
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Scale invariance: chemical exchange with n,

pools

3x3 Bloch
matrix
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Scale invariance: chemical exchange with n pools (PARTITIONS)

ko 2 » the number of terms in Kj;is
proportional to n

«— 3

3x3 Bloch
matrix

» the expression of Kj; is always
valid (time independent or not)

Q
~
~
~,
~,
~.
~
~
~.
~,
~.
~
~
~
~,
~,
S
~

: >

n+1 IS proportional to the
integral over time of the propagator of

the self-loop

K;; ~ + ki x| 171 Ky
3x3 Bloch 1, — ko * [1.— @]*_1* k21
matrix — e
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Outline an

m Basics of Path-Sum (Giscard)

m Bloch-Siegert effect and spin diffusion in solids

m Bloch equations in MRI
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MAGICA ANR (2021 — )

WP1. A Path-Sum universal Bloch solver for NMR

v Path-Sum applied to Bloch-Torrey, fractional Bloch, Bloch-Torrey equations

. . |
—du!;{; ) =V . (Di(r)Viu(r,t)) —ivB(r,t)m(r,t) — 1—,?:“(1‘, t) —wv(rt). Vi(r,t)
. l

The introduction to the operator method
for solving differential equations.
First-order DE

Yu. N. KosovTsov

009 E NN
. o'
(o)
6\“\)5\ 3009\9 3 Operator solutions for first-order non-linear
o @093“ ODE
/' “e . a\e First-order differential equation of arbitrary form
a\e‘\ dult) .
) o = J(tu()) (5)
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MAGICA ANR (2021 — )

WP2. Numerical Lanczos Path-Sum and applications: optimal control
and ultra-large spin systems

v Lanczos Path Sum and Optimal Control
v Path-Sum as a SIMPSON toolbox
v Infinite chains and DNP
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MAGICA ANR (2021 — )

WP2. Numerical Lanczos Path-Sum and applications: optimal control
and ultra-large spin systems

v Lanczos Path Sum and Optimal Control
v Path-Sum as a SIMPSON toolbox
v Infinite chains and DNP

rob.>

t=0 H10--- ---H30--- 0.8
1 S e

foen E 0.4
H{‘ Hz/ H:’)/l Y o2

rob.>
<back to 1 prob.>
o
[=+]

<back to 1
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MAGICA ANR (2021 — )

WP2. Numerical Lanczos Path-Sum and applications: optimal control
and ultra-large spin systems

v Lanczos Path Sum and Optimal Control
v Path-Sum as a SIMPSON toolbox

T.(f) = B1(t)  a () IIZIi n

NSO )

a very simple continued fraction to handle !

Vv Infinite chains and DNP Pozza, Giscard (2019, 2020)
" ey by 5 .Oa'o
AO=(cety .. ..|H 1
2 .Oa'1
55,
*— Lanczos 3 Oaz
tridiagonal /
a(t) 1. Pn-1 OO
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WP3. Experimental NMR and DNP: new insight by Path-Sum

v Rabi modulated continuous wave spectroscopy and optimal control
v (T,, T, T;,) "imaging" of pathological calcifications
v Proton spin diffusion and DNP in substituted hydroxyapatites revisited

v a) L | b) v c) | d) (1hr)
] L A ]
L | v
I P
] v *
] ]
L | L
] ] * ]
] | ® L-100A
’ ' 10_5“00
¢ @ ()
| : particle —
M b ¢
: : ¥ : K4
o
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Conclusions and acknowledgments
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Back in December 2002 and ... July 2017

« With application to quantum mechanics, path integrals suffer most grievously from a
serious defect. They do not permit a discussion of spin operators or other such operators in
a simple and lucid way » (R.P. Feynman)

» Path-sum performs a formal re-summation of an infinite number of %, i.e. Feynman
diagrams !
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